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 .A group G is LERF locally extended residually finite if for any finitely
generated subgroup S of G and for any g f S there exists a finite index subgroup
S of G which contains S but not g. Using graph-theoretical methods we give0
algorithms for constructing finite index subgroups in amalgamated free products of
groups with good separability properties. We prove that a free product of a free
group and a LERF group amalgamated over a cyclic subgroup maximal in the free
factor is LERF. The maximality condition cannot be removed, because adjunction
of roots does not preserve property LERF. We also give short proofs of some old
theorems about separability properties of groups, including a theorem of Brunner,
Burns, and Solitar that a free product of free groups amalgamated over a cyclic
subgroup is LERF. Q 1997 Academic Press
INTRODUCTION
 .A group G is RF residually finite if for any nontrivial element g g G
there exists a finite index subgroup S of G which does not contain g.0
 .A group G is LERF locally extended residually finite if for any finitely
generated subgroup S of G and for any g f S there exists a finite index
subgroup S of G which contains S but not g.0
The separability properties of groups have been an object of study for a
w x w x w x w xlong time, see L-S , A-G , A-T , We for various results and additional
references. RF and LERF groups have various interesting properties. For
example, RF groups have a solvable word problem and LERF groups have
a solvable generalised word problem, i.e., given a finite subset of the group
there is an algorithm to find out if a given element belongs to the
subgroup generated by that set.
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w xFundamental groups of Haken 3-manifolds are RF, see He . If the
fundamental group of a 3-manifold M is LERF, then for any surface
Äsubgroup K of the fundamental group of M there exist a finite cover M of
ÄM and an incompressible surface N embedded in M such that the
w xfundamental group of N is K Scott1 . Recall that an irreducible ori-
entable 3-manifold which has an embedded incompressible surface is
called Haken. The fundamental groups of Seifert Fibered Spaces are
w xLERF Scott2 , and there exist compact 3-manifolds with non-LERF
w xfundamental groups B-K-S . It is unknown if the fundamental groups of
hyperbolic 3-manifolds are LERF. If they are, then any hyperbolic mani-
fold which has a surface subgroup in its fundamental group is virtually
Haken, i.e., can be finitely covered by a Haken manifold.
The study of LERF groups was initiated by M. Hall who proved that free
w xgroups are LERF Hall . Then it was shown that a free product of two
w x w xLERF groups is LERF Burns , Ro , a free product of two LERF groups
w xamalgamated over a finite subgroup is LERF A-G , a free product of free
w xgroups with cyclic amalgamation is LERF B-B-S , a free product of
w xsurface groups with cyclic amalgamation is LERF Ni , and a free product
w xof nilpotent groups amalgamated over a cyclic subgroup is LERF Tang .
Alternative proofs of some of these results using graph-theoretical meth-
w xods are presented in this paper and in its sequel Gi2 . On the other hand,
examples show that an amalgamated product of two LERF groups with
w x w x w xcyclic amalgamation need not be LERF G-R1 , L-N , Ri .
The main result of his paper is the following:
THEOREM 4.4. If F is a free group, f g F is not a proper power, G is
LERF, and g is of infinite order in G, then F ) G is LERF.
fsg
w xThe condition on f cannot be removed because, as shown in G-R1 ,
adjunction of roots need not preserve the property LERF.
Theorem 4.4 implies that a manifold constructed by glueing a Seifert
fibered space and a handlebody along an incompressible boundary annulus
has a LERF group, as long as the group of the annulus is a maximal cyclic
subgroup of the handlebody group.
 y1 4Let X be a set, let X* s x, x N x g X , and for x g X define
 y1 .y1  :x s x. Recall that the Cayley graph of the group G s X N R is an
oriented graph whose set of vertices is G and the set of edges is G = X*,
 .such that an edge g, x begins at the vertex g and ends at the vertex gx.
 :DEFINITION 0.1. Let S be a subgroup of G s X N R , and let GrS
denote the set of right cosets of S in G. The relative Cayley graph of G
with respect to S is an oriented graph whose vertices are the cosets GrS,
 .  .the set of edges is GrS = X*, such that an edge Sg, x begins at the
 .vertex Sg and ends at the vertex Sgx. We denote it Cayley G, S . The
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 .basepoint of Cayley G, S is S ? 1. If we want to emphasise the basepoint,
 .we use the notation Cayley G, S, S ? 1 . Note that S acts on the Cayley
 .graph of G by left multiplication, and Cayley G, S can be defined as the
quotient of the Cayley graph of G by this action.
The definition implies that S has finite index in G if and only if the
 .  w x.graph Cayley G, S has finitely many vertices. Theorem 1.1 cf. Scott1
reduces the question of existence of subgroups of finite index in G to the
existence of graphs with certain properties.
 :THEOREM 1.1. Let G s X N R be a group.
 .1 G is RF if and only if for any finite tree G which is a subgraph of the
Cayley graph of G there exists a finite index subgroup S of G such that G can0
 .be embedded in Cayley G, S .0
 .2 G is LERF if and only if for any finitely generated subgroup S of G
 .  .and for any finite connected subgraph G, S ? 1 of Cayley G, S there exists a
 .finite index subgroup S of G such that G, S ? 1 can be embedded in0
 .Cayley G, S , S ? 1 .0 0
So we need to develop tools for construction and recognition of relative
Cayley graphs. The motivation comes from the theory of covering spaces.
 :Let K be a 2-complex representing the group G s X N R . The 1-skele-
< <ton of K is a wedge of X oriented labeled circles such that for any x g X
< <there is a unique circle labeled with x. The 2-skeleton of K consists of R
discs such that for any r g R there is a unique disc whose boundary
represents the word r in the 1-skeleton of K. As we work with a fixed
 .presentation of G, the complex K is also fixed. Then Cayley G, S is the
1-skeleton of the cover of the complex K corresponding to the subgroup S.
Therefore we will call the relative Cayley graphs of G ``the covers of G.''
Such a cover is finite if and only if it has a finite number of vertices, which
happens if and only if S has finite index in G.
 :DEFINITION 0.2. Let G s X N R be a group. A labeling of a graph G
 .by the set X is a function Lab : E G ª X* such that
y1 .  .   ..  .1 Lab e s Lab e for any e g E G ,
 .  .  .  .  . 2 if Lab e s Lab e and i e s i e , then e s e see Section1 2 1 2 1 2
.1 for notation .
A graph with a labeling function is called a labeled graph.
Labeled graphs have an obvious projection map into the 1-skeleton of
the complex K, so they can be viewed as a generalisation of relative
 .Cayley graphs. Indeed, any subgraph of Cayley G, S is a labeled graph
 .with the labeling function Lab S ? g, x s x.
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 :DEFINITION 0.3. Let G s X N R be a group. Denote the set of all
 .words in X* by W X , and denote the equality of two words by ' . The
 .label of a path p s e e ??? e in a labeled graph G is a function Lab p '1 2 n
 .  .  .  .Lab e Lab e ? . . . ? Lab e g W X . As usual, we identify the word1 2 n
 .Lab p with the corresponding element in G.
DEFINITION 0.4. We say that a graph G is G-based, if any path p in G
 .with Lab p s 1 is closed.
Lemma 1.5 shows that G-based labeled graphs are subgraphs of relative
Cayley graphs, allowing us to reformulate Theorem 1.1.
 .  :THEOREM 1.1 restated . Let G s X N R be a group.
 .1 G is RF if and only if any finite G-based tree labeled with X can be
embedded in a co¨er of G with finitely many ¨ertices.
 .2 G is LERF if and only if any finite connected G-based graph labeled
with X can be embedded in a co¨er of G with finitely many ¨ertices.
Let X and Y be sets such that X* l Y * s B and let A s G ) H
G sH0 0
 :be an amalgamated free product of LERF groups G s X N R and
 :H s Y N T . Let S be a finitely generated subgroup of A s G ) H
G sH0 0
 .and let G be a finite subgraph of Cayley A, S . Theorem 1.1 implies that
A is LERF if for each such S and G there exists an embedding of G in a
cover of A with finitely many vertices. We will attempt to construct such
an embedding in two steps.
DEFINITION 0.5. Let X* and Y * be disjoint sets and let G be a graph
labeled with X j Y. A subgraph of G is called monochromatic if it is
labeled only with X or only with Y. An X-component of G is a maximal
connected subgraph of G labeled with X and a Y-component of G is a
maximal connected subgraph of G labeled with Y.
DEFINITION 0.6. Let A s G ) H. We say that an A-based graph G
G sH0 0
labeled with X j Y is a precover of A if each X-component of G is a
cover of G and each Y-component of G is a cover of H.
Step 1. Try to embed G in a precover G9 of A with finitely many
vertices.
We attempt to construct G9 as follows. Let G , 1 F i F n, be the set ofi
all monochromatic components of G. If G and H are LERF, then for any
1 F i F n there exists an embedding f of G in a graph GX, which is ai i i
 Xcover of G or of H with finitely many vertices. If G and H are RF, Gi
.exists as long as G is a tree. Let G9 be the graph obtained from G by
X  .replacing each G with G cf. Remark 2.3 for the exact definition of G9 .i i
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This step is discussed in Section 4. We show that we can choose GX suchi
 .that G9 is a precover if G and H are free and G is cyclic cf. Lemma 4.50
or if G is LERF, H is free, and H is a maximal cyclic subgroup of H cf.0
.Lemma 4.3 .
Step 2. Try to show that any precover of A with finitely many
vertices can be embedded in a cover of A with finitely many vertices.
 .Recall that a group H is residually torsion-free nilpotent if for any
nontrivial element h of H there exists a homomorphism of H onto a
torsion-free nilpotent group such that h does not lie in the kernel. We
prove that the second step of the construction can always be completed if
 .H is residually torsion-free nilpotent and LERF, G is LERF, and G is0
 .infinite cyclic cf. Theorem 3.7 or if both G and H are residually
 .  .torsion-free nilpotent and G is infinite cyclic cf. Theorem 3.4 .0
w xA theorem of Magnus Bo, p. 174 says that free groups are residually
 .torsion-free nilpotent , so Theorem 4.4 follows from Lemma 4.3 and
Theorem 3.7.
w xIn the sequel to this paper Gi2 we examine separability properties of
more general amalgamated free products. Similar methods are used in
w xG-R2 to study the separability properties of double cosets in a free group.
1. LABELED GRAPHS
w xWe follow the notation and terminology of J.-P. Serre Serre and J. R.
w xStallings Sta . A graph G consists of two sets E and V, and two functions
E ª E and E ª V. The elements of E are called edges, and the elements
 .of V are called vertices. For any e g E there is e g E and i e g V, such
 .  .  .that e s e and e / e, i e is the initial vertex of e, and t e s i e is the
terminal vertex of e. An orientation of G is a choice of exactly one edge in
 4 < <each pair e, e . A path p of length n s p in G is a finite sequence of
 .  .edges p s e e ??? e with i e s t e . The initial vertex of p is1 2 n j jy1
 .  .  .  .i e s i p and the terminal vertex of p is t e s t p . The inverse of1 n
p is the path p s e e ??? e . A path is closed if its initial and terminaln ny1 1
vertices coincide. A path is reduced if it does not contain a subpath of the
form ee. A graph is connected if any pair of vertices is joined by some
path. A graph is a tree if it is connected and if it does not contain a
nontrivial reduced closed path. A graph is finite if it has finitely many
edges and vertices. Denote the pair of the graph G and the basepoint ¨ 0
 .by G, ¨ . A map of graphs consists of a pair of functions, which map0
edges to edges, vertices to vertices, commute with i and t , and preserve
the basepoints.
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 :THEOREM 1.1. Let G s X N R be a group.
 .1 G is RF if and only if for any finite tree G which is a subgraph of the
Cayley graph of G there exists a finite index subgroup S of G such that G can0
 .be embedded in Cayley G, S .0
 .2 G is LERF if and only if for any finitely generated subgroup S of G
 .  .and for any finite connected subgraph G, S ? 1 of Cayley G, S there exists a
 .finite index subgroup S of G such that G, S ? 1 can be embedded in0
 .Cayley G, S , S ? 1 .0 0
 .Proof. We prove part 2 of the theorem. The proof of the first part is
similar. Assume G is LERF. Let S be a finitely generated subgroup of G,
 .  .and let G, S ? 1 be a finite connected subgraph of Cayley G, S . For any
 .¨ g V G choose a path p in G which begins at S ? 1 and ends at ¨ .i i i
 . y1Denote Lab p by g . Then g ? g f S for i / j. As S is finitely gener-i i i j
ated and as G is LERF, there exists S - G such that S F S and0 f 0
y1  .  .g ? g f S for i / j. Define a map r : G, S ? 1 ª Cayley G, S , S ? 1 asi j 0 0 0
 .  .  .   . .  .follows: r ¨ s S ? g for ¨ g V G and r ¨ , x s r ¨ , x for ¨ , xi 0 i i i i i
 .g E G .
 .  .  .If r ¨ s r ¨ , then S ? g s S ? g , hence i s j. If r ¨ , x si j 0 i 0 j i 1
 .r ¨ , x , then ¨ s ¨ and x s x , therefore r is the required embedding,j 2 i j 1 2
proving one direction of the theorem.
 :To prove the other direction, let S s s ,???, s be a finitely generated1 m
subgroup of G, and let g f S. For each s choose one closed path p ini i
 .  .Cayley G, S which begins at S ? 1 with Lab p s s . Let p be a path ini i g
 .  .Cayley G, S which begins at S ? 1 with Lab p s g, and let G be ag
 .subgraph of Cayley G, S consisting of all the vertices and all the edges of
 .the paths p and p . As G, S ? 1 is a finite connected subgraph ofi g
 .  .Cayley G, S , by assumption, it can be embedded into Cayley G, S , S ? 1 ,0 0
where S is finite index subgroup of G. Then the images of the loops p in0 i
 .Cayley G, S are loops beginning at S ? 1, and the image of the path p is0 0 g
not a closed path, so g f S , but s g S , hence S F S , therefore G is0 i 0 0
LERF.
 :DEFINITION 1.2. Let G s X N R be a group, and let G be a graph
labeled with X. Denote the set of all closed paths in G starting at ¨ by0
 .   ..  .Loop G, ¨ , and denote the image of Lab Loop G, ¨ in G by Lab G, ¨ .0 0 0
 .It is easy to see that Lab G, ¨ is a subgroup of G.0
 .Remark 1.3. Any path p in Cayley G, S which begins at S ? 1 must end
 .  .at S ? Lab p , so p is a closed path if and only if Lab p g S. Therefore,
  ..Lab Cayley G, S, S ? 1 s S.
 . w xDEFINITION 1.4. Let x g X and ¨ g V G . Following G-T we say that
 .  .  .G is x-saturated at ¨ , if there exists e g E G with i e s ¨ and Lab e s x.
We say that G is X*-saturated if it is x-saturated for any x g X* at any
 .¨ g V G .
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The following lemma gives a characterization of the subgraphs of the
relative Cayley graphs.
 :  .LEMMA 1.5. Let G s X N R be a group and let G, ¨ be a graph0
 .labeled with X. Denote Lab G, ¨ s S. Then0
 .  .a G is G-based if and only if it can be embedded in Cayley G, S, S ? 1 ,
 .b G is G-based and X*-saturated if and only if it is isomorphic to
 .Cayley G, S, S ? 1 .
 .  .Proof. Define a map m : G, ¨ ª Cayley G, S, S ? 1 as follows:0
 .  .  .m ¨ s S ? Lab p , where p is any path connecting ¨ and ¨ , and m e s0
   ..  ..  .  .m i e , Lab e , ¨ g V G , e g E G .
One direction of the lemma follows from the definition of the relative
Cayley graph, and the other direction follows from the properties of the
function m listed in the Claim below.
 .CLAIM. 1 m is well-defined,
 .2 if G is G-based, then m is injecti¨ e,
 .3 if G is X*-saturated, then m is surjecti¨ e.
 .  .  .Proof of the Claim. 1 If p and q are paths in G with i p s i q s ¨ 0
 .  .  .   ..y1  .and t p s t q s ¨ , then Lab p ? Lab q g Lab G, ¨ s S, so0
 .  .S ? Lab p s S ? Lab q , therefore m is well-defined.
 .  .  .2 If m ¨ s m ¨ , then there are paths p and q in G with1 2
 .  .  .  .  .  .i p s i q s ¨ , t p s ¨ , t q s ¨ , and S ? Lab p s S ? Lab q . But0 1 2
 .  .  .  .then there is a closed path t g Loop G, ¨ with Lab p s Lab t ? Lab q ,0
 .  .  .so Lab ptq s 1, and since G is G-based, i ptq s ¨ s ¨ s t ptq , so m1 2
 .  .   ..   ..is injective on vertices. If m e s m e , then m i e s m i e and1 2 1 2
 .  .  .  .  .Lab e s Lab e , so i e s i e , and property 2 of the labeling func-1 2 1 2
tion implies that e s e , so m is injective on edges.1 2
 .3 As G is X*-saturated, for any g g G there is a path p in G with
 .  .   ..i p s ¨ and Lab p s g. Then m t p s S ? g, so m is surjective on0
 .  .  .vertices. For any edge Sg, x in Cayley G, S let e g E G be the edge
  ..  .with m i e s Sg, and Lab e s x. Such e exists because G is
 .  .X*-saturated. Then m e s Sg, x , so m is surjective on edges.
 :Remark 1.6. Let F s X be a free group. Any graph labeled with X
is F-based, hence it is a subgraph of some cover of F, and any X*-saturated
graph labeled with X is a cover of F.
To illustrate applications of Lemma 1.5 we give a short proof of M.
Hall's theorem.
RITA GITIK132
w xCOROLLARY 1.7. Free groups are LERF Hall .
 :Proof. Let F s X be a free group and let G be a finite graph
labeled with X. We embed G in a cover of F with finitely many vertices as
 .follows. For any vertex ¨ g V G and for any x g X the number of edges
in G labeled with x which have an endpoint at ¨ is either 0, 1, or 2. In the
last case we do nothing. In the first case we add a loop labeled with x to
the vertex ¨ . In the second case we find the maximal path p in G which is
labeled by a power of x and begins at ¨ . By assumption p is not a loop.
 .  .  .We add an edge e to G such that i e s t p and t e s ¨ . If p is labeled
by a positive power of x, we label e with x. If p is labeled by a negative
power of x, we label e with xy1. The resulting graph is labeled with X, it
is X*-saturated, and it has finitely many vertices, hence Remark 1.6
 .implies that it is a cover of F, but then Theorem 1.1 restated implies that
F is LERF.
Remark 1.8. The proof of Corollary 1.7 shows that any finite F-based
graph G can be embedded into a cover of F without changing the set of
 :vertices of G. So if S s s ,???, s is a finitely generated subgroup of F1 m
and f f S, there exists a finite index subgroup S in F which contains S,0
< < < < < <but not f , and the index of S in F is less than s q ??? q s q f . This0 1 m
construction will be used in the proofs of Theorems 4.4 and 4.6.
2. PROPERTIES OF PRECOVERS
w xFollowing Sta we describe how to build new labeled groups out of old
ones. The amalgam of labeled graphs G and G along G , denoted by1 2 0








where i and i are injective maps and none of the graphs need be1 2
connected. The amalgam depends on the maps i and i , but we omit1 2
reference to them, whenever it does not cause confusion.
 :Remark 2.1. Let G s X N R be a group, let G be a graph, and let
y1 .  .   ..  .f : E G ª X* be a function such that f e s f e for any e g E G .
 .  .  .Let e and e be distinct edges of G such that i e s i e and f e s1 2 1 2 1
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 .  .  .  .f e . Define G to be the graph with E G s E G re ; e and V G s2 1 1 1 2 1
 .  .  .V G rt e ; t e . The projection of G onto G is called a folding of e1 2 1 1
and e . The graph constructed by performing all possible foldings of G is a2
labeled graph. It can be easily seen that amalgamation consists of taking
the disjoint union of graphs and performing the identifications prescribed
by i and i and subsequent foldings until a labeled graph is obtained.1 2
Remark 2.2. Note that G and G may not be embedded in their1 2
amalgam. For example, let G consist of a single loop p of length 3 with1 1
 . 3  .Lab p ' x , let G consist of a single loop p of length 2 with Lab p '1 2 2 2
x 2, and let G be a single vertex. Then G ) G consists of a single loop of0 1 2
G0
length 1 labeled with x.
Remark 2.3. Let S be a finitely generated subgroup of A s G ) H
G sH0 0
 .and let G be a finite subgraph of Cayley A, S . We want to embed G in a
precover of A with finitely many vertices. Let G , 1 F i F n, be the set ofi
all monochromatic components of G. If G and H are LERF, then for any
1 F i F n there exists an embedding f of G in a graph GX, which is ai i i
cover of G or of H with finitely many vertices. Let G9 be the amalgam of





 Xwhere g is the inclusion map of G into G. If G and H are RF, G existsi i i
. Xas long as G is a tree. Note that as each G is embedded in G , and noi i
foldings occur between distinct GX, it follows that G is embedded in G9. Ifi
G9 turns out to be A-based, which as Example 2.6 shows need not happen,
then Lemma 1.5 asserts that G9 can be embedded in some cover of A.
To illustrate this idea we give short proofs of some old theorems about
separability properties of free products. Note that if A s G) H is a free
product, then any graph labeled with X j Y is A-based if and only if each
G-component is G-based and each H-component is H-based. In particu-
lar, it is A-based if each monochromatic component is a cover.
 :  :LEMMA 2.4. For any groups G s X N R and H s Y N T any pre-
co¨er of G) H can be embedded in a co¨er of G) H with the same set of
¨ertices.
< <Proof. Let G denote the wedge of X loops each labeled with aX
< <different element of X, and let G denote the wedge of Y loops eachY
labeled with a different element of Y. Let G be a precover of G) H. To
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any monochromatic vertex in G colored with X glue a copy of G and toY
any monochromatic vertex in G colored with Y glue a copy of G . EachX
monochromatic component of the resulting graph G9 is a cover, so G9 is
A-based. It is X* j Y *-saturated, hence Lemma 1.5 implies that it is the
required cover of G) H.
 .THEOREM 2.5. 1 Theorem of Gruenberg: any free product of RF
w xgroups is RF Gru .
 .2 Theorem of Burns and Romano¨ skii: any free product of LERF
w x w xgroups is LERF Bu , Ro .
Proof. Let G and H be groups, let A s G) H, and let G be a finite
A-based graph. If G and H are LERF, or if G and H are RF and G is a
tree, we can embed G in a graph G9 as described in Remark 2.3. As
explained above, G9 is A-based, so it is a percover of A with finitely many
vertices, hence Lemma 2.4 implies that it can be embedded in a cover of A
 .with finitely many vertices. Therefore Theorem 1.1 restated implies the
result.
EXAMPLE 2.6. Let G, G , H, and H be infinite cyclic groups gener-0 0
ated by x, x 2, y, and y3, respectively. Then A s G ) H is the
G sH0 0
fundamental group of the trefoil knot. Let G be a graph consisting of two
 .  .edges e and e and three vertices ¨ , ¨ , and ¨ such that i e s i e s1 2 0 1 2 1 2
 .  .  .  .¨ , t e s ¨ , and t e s ¨ , and such that Lab e s x, Lab e s y.0 1 1 2 2 1 2
Then G has two monochromatic components: G s e and G s e . Let GX1 1 2 2 1
and GX be loops of length 2 labeled with x 2 and y2 correspondingly. Then2
G
X is a finite cover of G, GX is a finite cover of H, and G embeds in GX.1 2 i i
However, the graph G9 given by the diagram in Remark 2.3 is not A-based.
If we want to make it A-based, we have to identify the vertices ¨ and ¨0 2
and then to fold the edges of GX , so that the resulting graph G0 consists of2
a loop labeled with x 2 and a loop labeled with y. Unfortunately, the
original graph G does not embed in G0.
In order to decide when the graph G9 constructed in Remark 2.3 is
A-based, we need more tools.
DEFINITION 2.7. Let A s G) H. We call G and H ``the factorsG sH0 0
of A.'' A word a ' a a ??? a g A is in normal form if:1 2 n
 .1 a lies in one factor of A,i
 .2 a and a are in different factors of A,i iq1
 .3 if n / 1, then a f G .i 0
Any a g A has a representative in normal form. If a ' a a ??? a is in1 2 n
w xnormal form and n ) 1, then the Normal Form Theorem L-S, p. 187
implies that a / 1 .A
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DEFINITION 2.8. Let p be a path in a graph labeled with X j Y, and
let p p ??? p be its decomposition into maximal monochromatic sub-1 2 n
 .  .  .paths. We say that p is in normal form if Lab p ' Lab p ??? Lab p is1 n
in normal form.
DEFINITION 2.9. Let G be a graph labeled with X j Y. We say that a
 .vertex ¨ g V G is bichromatic if there exist edges e and e in G with1 2
 .  .  .  .i e s i e s ¨ , Lab e g X*, and Lab e g Y *. We say that ¨ is1 2 1 2
X-monochromatic if all the edges of G beginning at ¨ are labeled with X
and we say that ¨ is Y-monochromatic if all the edges of G beginning at ¨
are labeled with Y.
DEFINITION 2.10. We say that G is compatible at a bichromatic vertex
 .  .¨ if for any monochromatic path p in G such that i p s ¨ and Lab p g
G there exists a monochromatic path t of a different color in G such that0
 .  .  .  .  .i t s ¨ , t t s t p , and Lab t s Lab p . We say that G is compatible
if it is compatible at all bichromatic vertices.
Remark 2.11. Note that a precover is compatible. Indeed, let G be a
precover and let p be a monochromatic path in G which begins at a
 .bichromatic vertex ¨ such that Lab p g G . Without loss of generality p0
is labeled with X. As G is a precover, the Y-component of G containing ¨
is a cover of H, hence it contains a path t which begins at ¨ and has the
same label as p. The path t is monochromatic labeled with Y. But
 .  .Lab pt s 1 and G is A-based, so pt is a closed path. Therefore t p s
 .t t , so G is compatible.
LEMMA 2.12. If G is a compatible graph, then for any path p in G there
exists a path t in normal form which has the same endpoints and the same
label as p.
Proof. Let p be a path in G, and let p p ??? p be its decomposition1 2 n
into maximal monochromatic subpaths. The proof is by induction on the
number n of the subpaths p in the above decomposition. If n s 1, theni
p s p is in normal form, so it is the required path. Assume that the1
statement holds if the number of maximal monochromatic subpaths of p is
 .less than n. If Lab p f G for all 1 F i F n, then p is in normal form.i 0
 .Otherwise, without loss of generality, assume that Lab p g G and p isj 0 j
labeled with X. Since one of the endpoints of p is bichromatic and G isj
compatible, there exists a path q in G labeled with Y with the samej
endpoints and the same label as p . Then the path p j s p p ???j 1 2
p q p ??? p has the same endpoints and the same label as p. Asjy1 j jq1 n
p q p is monochromatic, p j has a decomposition into fewer than njy1 j jq1
monochromatic subpaths. Therefore, by the inductive hypothesis, there
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exists a path t in normal form which has the same endpoints and the same
label as p j. But then t has the same endpoints and the same label as p,
and the inductive step is completed.
COROLLARY 2.13. Let G be a compatible graph. If all G-components of
G are G-based and all H-components of G are H-based, then G is A-based. In
particular, if each G-component of G is a co¨er of G, each H-component of
G is a co¨er of H, and G is compatible, then G is a preco¨er of A.
 .Proof. Let p be a path in G with Lab p s 1. By Lemma 2.12 we may
assume that p is in normal form. Then it follows from the Normal Form
Theorem that n s 1 and p is monochromatic, hence p belongs to one
monochromatic component of G. Since all X-components of G are G-based
and all Y-components of G are H-based, p is closed, therefore G is
A-based.
3. EMBEDDING PRECOVERS IN COVERS
 .Remark 3.1. Let H be a residually torsion-free nilpotent group. Then
for any nontrivial h in H and for any n g N there exists a finite index
 :  n:  w x w x.normal subgroup H of H such that H l h s h cf. Ste , Gi1 .n n
DEFINITION 3.2. Let G be a group, let G be a G-based graph, and let
G be a subgroup of G. We say that the vertices ¨ and ¨ of G belong to0 1 2
 .the same G -orbit in G if G contains a path p such that i p s ¨ ,0 1
 .  .t p s ¨ , and Lab p g G .2 0
 :  .LEMMA 3.3. Let H s Y N T be a residually torsion-free nilpotent
 :group. Let g be an infinite order element in the group G s X N R . Then any
X*-saturated preco¨er of the group A s G) H with finitely many ¨erticesgsh
can be embedded in a co¨er of A with finitely many ¨ertices.
 .Proof. Let G, ¨ be a X*-saturated precover of A with finitely many0
vertices. Any vertex ¨ of G has one of the two following types.
Type 1. G is saturated at ¨ .
Type 2. ¨ is X-monochromatic.
 :As G is a precover, it is compatible, so any g -orbit in G consists of
vertices of the same type. For any vertex ¨ of the second type let n be the¨
 :number of vertices in the g -orbit of ¨ in G. The proof is by induction on
 .the number n s n G which is the maximum of all n . Assume that G has¨
 :m different g -orbits, each containing n vertices of the second type. As
mentioned in Remark 3.1, let H be a finite index normal subgroup of Hn
 :  n:  :such that H l h s h , and let k be the number of different h -n
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 .  :orbits in Cayley H, H . As H is normal in H, all h -orbits inn n
 .Cayley H, H contain n vertices. Let G be the disjoint union of kn 1
isomorphic copies of G and let G be the disjoint union of m isomorphic2
 .  :copies of Cayley H, H . Then G has k ? m distinct g -orbits, eachn 1
containing n vertices of the second type, and G has k ? m distinct2
 :  4h -orbits, each containing n vertices. Let w ,???, w be a set of1 k?m
 j 4representatives of these orbits and let w , 0 F j - n be the end-i
j  4points of paths labeled with g which begin at w . Let ¨ ,???, ¨ bei 1 k?m
 :  j 4a set of representatives of all h -orbits in G and let ¨ , 0 F j - n2 i
be the endpoints of paths labeled wtih h j which begin at ¨ . Let G0i
be the amalgam of G and G over k ? m ? n vertices, G0 s1 2
G ) G , and let G9 be the connected component of G01 2
j j 4w s¨ N1FiFk?m , 0Fj-ni i
containing G. As all w j are X-monochromatic and all ¨ j are Y-monochro-i i
matic, there cannot be any foldings between the images of G and G in1 2
 .G0, so G is embedded in G9. As G and Cayley H, H have finitely manyn
 j 4vertices, so does G9. As the set ¨ , 1 F i F k ? m, 0 F j - n is the set of alli
vertices of G the graph G9 is Y *-saturated. By construction G9 is compati-2
 .  .ble, so Corollary 2.13 implies that G9 is a precover of A, but n G9 - n G ,
which completes the inductive step.
 .THEOREM 3.4. Let G and H be residually torsion-free nilpotent groups
and let g be an element of infinite order in G. Then any preco¨er of the group
A s G ) H with finitely many ¨ertices can be embedded in a co¨er of A with
gsh
finitely many ¨ertices.
 .Proof. First, using the fact that G is residually torsion-free nilpotent ,
apply the construction described in Lemma 3.3 to embed any precover of
A with finitely many vertices in an X*-saturated precover of A with
finitely many vertices. Then apply Lemma 3.3.
Remark 3.5. Let g be an element of infinite order in a group G. If G is
LERF then for any integer n there exists a finite index subgroup G of Gn
n i  :  n:such that g g G , but g f G for 0 - i - n. Then G l g s g .n n n
 :LEMMA 3.6. Let G s X N R be LERF, let h be an element of infinite
 :order in H s Y N T , and let G be a preco¨er of A s G ) H with finitely
gsh
many ¨ertices. Then G can be embedded in an X*-saturated preco¨er of A
with finitely many ¨ertices.
Proof. Any vertex ¨ of G has one of the two following types.
Type 1. G is X*-saturated at ¨.
Type 2. ¨ is Y-monochromatic.
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The proof is by induction on the number of vertices ¨ of the second type.
If no such vertices exist, then G is already X*-saturated. Assume that G
has m Y-monochromatic vertices, and let ¨ be one of them. Let n be the
 .  :  n:   . 4integer such that Lab G, ¨ l h s h . Let ¨ g V G , 0 - i - n bei
the endpoints of paths labeled with hi which begin at ¨ . As explained in0
Remark 3.5, there exists a finite index subgroup G of G such thatn
 :  n:G l g s g .n
 .  .Let G9 s G ) Cayley G, G . As Cayley G, G is a cover ofn n
i 4¨ sG ?g N0Fi-ni n
G it is labeled only with X, so all the vertices G ? g i are X-monochro-n
matic. Also all ¨ are Y-monochromatic. Indeed, if ¨ belongs to ani i
X-component G of G then, as G is a cover of G, it should contain a pathi i
p which begins at ¨ labeled with gyi. As G is a precover of A, thei
terminal vertex of p should be ¨ , contradicting the assumption that ¨ is
Y-monochromatic. Hence there cannot be any foldings between the images
 .of G and of Cayley G, G in G9, so G is embedded in G9. As G andn
 .Cayley G, G have finitely many vertices, so does G9. Each monochro-n
matic component of G9 is a cover of G or of H, and by construction G9 is
compatible, hence Corollary 2.13 implies that G9 is a precover. But the
number of Y-monochromatic vertices in G9 is less than m, which com-
pletes the inductive step.
 .THEOREM 3.7. Let H be a residually torsion-free nilpotent , let G be
LERF, and let g be an infinite order element in G. Then any preco¨er of the
group A s G ) H with finitely many ¨ertices can be embedded in a co¨er of
gsh
A with finitely many ¨ertices.
Proof. This follows from Lemma 3.3 and Lemma 3.6.
4. CONSTRUCTING PRECOVERS
  ..Recall that the degree of a vertex ¨ in a graph G denoted deg ¨ is the
number of edges of G beginning at ¨ .
 .Remark 4.1. Let G be a not necessarily connected graph labeled with
q y  q.X. Let w and w , 1 F i F n, be distinct vertices of G such that deg wi i i
 y. q  .s deg w s 1, 1 F i F n. Let e be the unique edge of G which beginsi i
q y  . yat w and let e be the unique edge of G which ends at w . For each i,i i i
1 F i F n, add to G a reduced path t which intersects G only at itsi
 . q  . yendpoints such that i t s w and t t s w and such that t l t s B,i i i i i j
i / j. If the first edge of t and eq have different labels and if the last edgei i
of t and ey have different labels for all i, then the resulting graph G9 isi i
labeled with X.
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LEMMA 4.2. Let F be a finitely generated subgroup of a free group0
 :F s X , let f be a cyclically reduced element of F which is not a proper
 .  4power, and let G be a finite subgraph of Cayley F, F . Let w ,???, w be0 1 n
 :  .¨ertices of G which belong to different f -orbits in Cayley F, F such that0
  ..  :  : qjLab Cayley F, F , w l f s 1 , 1 F i F n. For any j ) 0, let p be0 i i
 . jthe reduced path in Cayley F, F which begins at w and has the label f , and0 i
yj  .let p be the reduced path in Cayley F, F which begins at w and has thei 0 i
yj qj  qj . yj  yj .label f . Let w s t p , let w s t p , and let G be the union of Gi i i i j
with all pqj and with all pyj. There exists N ) 0 such that for any j ) N andi i
1 F i F n the ¨ertices wqj and wyj do not belong to G and ha¨e degree 1 ini i
G .j
Proof. Recall that the core of a graph consists of all the vertices and all
the edges of all reduced and cyclically reduced loops in the graph, hence
the complement of the core is a union of trees. As F is free and F is0
 .  w x.finitely generated, the core of Cayley F, F is finite cf. Sta . Let N y 10
 .be the number of vertices in the union of G and the core of Cayley F, F .0
  ..  :  :As Lab Cayley F, F , w l f s 1 , 1 F i F n, for any j ) N y 1 and0 i
for 1 F i F n the vertices wqj and wyj do not belong to the union of Gi i
 .and the core of Cayley F, F .0
We claim that the number N has the required properties. Indeed,
otherwise there exists j ) N such that, without loss of generality, the
degree of wqj in G is bigger than 1. As f is cyclically reduced, for all k1 j
such that j G k ) 0 and for all 1 F i F n the vertices wqk belong to pqj.i i
qj q jy1.  .As w and w do not belong to the core of Cayley F, F , the1 1 0
definition of the core implies that, without loss of generality, they belong
to pqj. Assume that wqj lies between vertices wq lq1. and wql in pqj.2 1 2 2 2
Then wq jy1. lies between vertices wql and wq ly1.. Let f be the label of1 2 2 1
the reduced path joining wq ly1. to wq jy1. and let f be the label of the2 1 2
reduced path joining wq jy1. to wql. Also let f be the label of the1 2 2
reduced path joining wql to wqj and let f be the label of the reduced2 1 4
qj q lq1. < < < < < <path joining w to w . Then f f ' f f ' f and f s f q f s1 2 1 2 2 3 1 2
< < < < < < < < < < < < < <f q f , so f s f . Also f f ' f and f s f q f , so f and f2 3 1 3 3 4 3 4 1 3
are initial subwords of f of equal length, hence f ' f , therefore f and1 3 1
f commute. As F is free, the only commuting elements in F are powers2
< < < < < <of the same element, hence as f ' f f and f s f q f , f should be a1 2 1 2
proper power contradicting the choice of f. Therefore N has the required
properties, proving the lemma.
 :  :LEMMA 4.3. Let f g F s X be not a proper power, let H s H N T
be LERF, and let A s F ) H. Then for any finitely generated subgroup S of
fsh
 .  .A any finite connected subgraph G, S ? 1 of Cayley A, S can be embedded
in a preco¨er of A with finitely many ¨ertices.
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Proof. We can write f s f f fy1, where f is a cyclically reduced word.1 0 1 0
As A is isomorphic to F ) H, we can assume that f is cyclically
f sh0
 :  .reduced. Let the number of distinct f -orbits in Cayley A, S which
 4contain a bichromatic vertex be m, and let w ,???, w be a set of1 m
representatives of those orbits chosen such that all w are bichromatic. Thei
required embedding is constructed in 3 steps.
Step 1. After renumbering, if needed, for k last values of the index i,
 .  :  ni:  :Lab G, w l f s f / 1 . For m G i ) m y k let p and q bei i i
 .monochromatic loops in Cayley A, S which begin at w such thati
 . ni  . niLab p ' f and Lab q ' h . For any i such that 1 F i F m y k,i i
 .  :  : qj yjLab G, w l f s 1 . For those values of i, let p and p bei i i
 qj .  yj .monochromatic paths labeled with X such that i p s i p s w ,i i i
 qj . j  yj . yj qj yjLab p s f , Lab p s f , for some j ) 0, and let q and q bei i i i
 qj .  yj .monochromatic paths labeled with Y such that i q s i q s w ,i i i
 yj .  yj .  qj .  qj .Lab q s Lab p and Lab q s Lab p . Let G be the union of Gi i i i j
with all the paths p and q for m y k - i F m, and with all the pathsi i
p j q , qqj, pyj, and qyj for 1 F i F m y k. Lemma 4.2 implies that therei i i i
qj  qj .exists an integer N such that for all j G N the vertices w s t p andi i
yj  yj .w s t p have degree 1 in the X-component of G containing them,i i j
wqj f G, and wyj f G.i i
Step 2. Let N be as in the first step of the construction. As H is
LERF and G is a finite graph, Theorem 1.1 implies that for any Y-compo-N
H H Ä H Ä Hnent G of G there exists an embedding g : " G ª G , where G is ai N i i i i
cover of H with finitely many vertices. Let G* be the amalgam of G withN
Ä H"G given by the diagrami




where a is the inclusion map of G H into G . As no foldings between thei i N
Ä Hedges of G and G are possible, G is embedded in G*, and eachN i N
Y-component of G* is a cover of H with finitely many vertices. Also the
Ä Hsets of bichromatic vertices of G and G* coincide. As each G is a coverN i
of H with finitely many vertices, for any vertex wqN defined in the firsti
step of the construction there exists a vertex wyN , 1 F i, j F m y k, aj
number l ) 0, and a path s labeled with Y connecting the images ofi i
 . l i qNthese vertices in G* such that Lab s ' h . As the images of w and ofi i
wyN have degree 1 in the X-component of G* containing them, Remarkj
4.1 implies that for 1 F i F m y k we can add to G* a set of disjoint paths
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 . l i qNt labeled with X with Lab t s f such that t connects w with thei i i i
corresponding wyN and the resulting graph is labeled. Identify all thej
 : qNcorresponding vertices in the f -orbit of the vertex w in s and in t ,i i i
1 F i F m y k. The resulting graph G** is labeled with X j Y and it is
compatible, all its Y-components are covers of H, and all its X-compo-
nents are F-based, hence by Corollary 2.13 it is A-based.
Step 3. Remark 1.8 implies that each X-component of G** can be
embedded in a cover of F with the same set of vertices. Let G9 be the
amalgam of G** with all those covers given by the diagram similar to one
in the second step of the construction. Then G9 is compatible and each
monochromatic component of G9 is a cover, so Corollary 2.13 implies that
G9 is a precover of A. As G** and G9 have the same set of vertices, G9 is a
precover of A with finitely many vertices, as required.
THEOREM 4.4. Let F be a free group and let G be LERF. If f g F is not a
proper power, then F ) G is LERF.
fsg
w xProof. A theorem of Magnus Bo, p. 174 says that free groups are
 .residually torsion-free nilpotent , so Theorem 4.4 follows from Lemma 4.3
and Theorem 3.7.
 :  :LEMMA 4.5. Let F s X and H s Y be free groups and let A s
F ) H. Then for any finitely generated subgroup S of A, any finite connected
fsh
 .  .subgraph G, S ? 1 of Cayley A, S can be embedded in a preco¨er of A with
finitely many ¨ertices.
Proof. Let f and g be the shortest roots of f and h. Say f s f a and0 0 0
h s hb. As in the proof of Lemma 4.3, we can assume that f and h are0 0 0
cyclically reduced. The required embedding is constructed in 3 steps.
Step 1. This step is similar to the first step in the proof of Lemma 4.3,
 4  4with few modifications. Let w N 1 F i F m and p , q N m y k - i F mi i i
be as in the proof of Lemma 4.3. Let W be a set of representatives of1
 :  4distinct f -orbits of the set w N 1 F i F m y k in the X-component of0 i
 :G, and let W be a set of representatives of distinct h -orbits of the set2 0
 4 qjw N 1 F i F m y k in the Y-component of G. For w g W define p ,i i 1 i
pyj, wqj, and wyj as in Lemma 4.3. For w g W let tqj and tyj bei i i i 2 i i
 qj .  yj .monochromatic paths labeled with Y such that i t s i t s w ,i i i
 qj . j  yj . yjLab t s h and Lab t s h , for some j ) 0. Let G be the union ofi i j
G with all the paths p and q for m y k - i F m, and with all the pathsi i
pqj, pyj, tqj, tyj. Lemma 4.2 implies that there exists an integer N suchi i i i 1
qj  qj . yj  yj .that for all j G N the vertices w s t p and w s t p have1 i i i i
degree 1 in the X-component of G containing them, wqj f G, andj i
wyj f G. Lemma 4.2 also implies that there exists an integer N such thati 2
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qj  qj . yj  yj .for all j G N the vertices u s t t and u s t t have degree 1 in2 i i i i
the Y-component of G containing them, uqj f G, and uyj f G.j i i
 4 qN yNStep 2. Let N s max N , N . For each pair of vertices w and w1 2 i i
 .  . qNadd to G a path s labeled with X such that Lab s s f , i s s w ,N i i i i
 . yN qN yNand t s s w . For each pair of vertices u and u add to G a pathi i i i N
 .  . qN  . yNt labeled with Y such that Lab t s h, i t s u , and t t s u . Asi i i i i i
wqN and wyN have degree 1 in the X-component of G containing them,i i N
and uqN and uyN have degree 1 in the Y-component of G containingi i N
them, Lemma 4.1 implies that the resulting graph G* is labeled with
X j Y. By construction, any vertex w for 1 F i F m y k has 2 N q 1i
 :vertices in its f -orbit in the X-component of G* containing it and in its
 :h -orbit in the Y-component of G* containing it. Identify corresponding
 :  :vertices in the f -orbit and in the h -orbit of all w , 1 F i F m y k. It isi
easy to see that the resulting graph G** is compatible at any w , hence byi
Corollary 2.13, G** is A-based.
Step 3. Remark 1.8 implies that each X-component of G** can be
embedded in a cover of F with the same set of vertices, and each
Y-component of G** can be embedded in a cover of H with the same set
of vertices. Let G9 be the amalgam of G** with all those covers given by
the diagram similar to one in the second step of the proof of Lemma 4.3.
As no foldings between the edges of those covers and the edges of G** are
possible, G** is embedded in G9. As G9 is compatible and each monochro-
matic component of G9 is a cover, Corollary 2.13 implies that G9 is a
precover of A. As G** and G9 have the same set of vertices, G9 is a
precover of A with finitely many vertices, as required.
 .THEOREM 4.6 Theorem of Brunner, Burns, and Solitar . A free product
w xof free groups amalgamated o¨er a cyclic subgroup is LERF B-B-S .
 .Proof. As free groups are residually torsion-free nilpotent the result
follows from Theorem 3.4 and Lemma 4.5.
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